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Introduction

In the discussion about the influence of speculative activities
on prices in a competitive market FRIEDMAN's assertion(1) that
profitable speculation alwayvs stabllizes price fluctuations =the
so-called FRIEDMAN Theorem - plays a prominent role, Although
the validity of this proposition would not 1mply that markets
with speculative activities always display lower price
fluctuations, various implications for economic policy are to be
expected, This may be one reason for the proposals to limit
amateur speculation in favour of professional speculation since
the latter seems to be more often profitable than the former(2).

On the basis of the model outlined by TELSER(3), KEMP(4) proves

that a linear non-speculative excess demand function impliee the

*The present article has substantlally benefitted by many
valuable suggestions and comments of Dr, K. Floret. I am
grateful to Prof. M. J. Farrell for a stimulating
correspondence on the subject of this paper, Errors and
shortcomings are entirely the responsibility of the author,
(1 )M.FRIEDMAN, Essays in Positive Economics. Chicago 1953,
D.175. This argument appears to go back to MILL, See
J.S.MILL, Principles of Politiecal Economy. With Some
Agglicatiog;g to Soclal Philosophy. Vol.2, 6th Ed., London
(ElThe empirical results of HOUTHAKKER seem to support this
hypothesis,.See H.S.HOUTHAKKER, Can Speculatora forecast
Prices? "The Review of Economics and Statistics", Cambridge,
Mass. Vol. 39(1957), p. 143-151,
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valldity of FRIEDMAN's proposition. The necessity of this
condition 1s shown by FARRELL(5) assuming that there is no
temporal interdependence between speculative net sales and the
price variations.

These results remain valld when FARRELL's independence assumption
is substantially  weakened. If no transactions costs are
consldered temporal interdependence in the non-speculatlve excess
demand funection implies that FRIEDMAN's theorem fails to hold(6),
The great importance of transactions coste for the problem wunder
consideration 1= shown by FARRELL(T). Assuming the temporal
indeoendence mentioned above he deduces sufficlent condlitions for
the validity of FRIEDMAN's assertion.

Until recently(8), to the best of the author's knowledge, no
mathematical analysis of temporal interdependence and
transactions costs in respect to speculation and price stability
was avallable. The objective of the present study 1s to give a

characterization of those market reactions(9) which are

(3)L.G.TELSER, A Theory of Speculation Relating Profitability
and Stabllity. "The Review of Economics and Statisties”,
Cambridge, Mass,, Vol. 41 (1959), p. 295-301,

4)M,C.KEMP, Speculation, Profitability, and Price Stability,
The Hevieu of Economics and Statistics", Cambridge, Mass.,
Vol.45(1963), p. 185-189.

(£)M.J.FARRELL, Profitable Speculation. “"Economica", London,
N.S., Veol. 33(1966). p. 183-193,

(6)J.SCHIMMLER, Speculation, Profitability, and Price
Stabllity - a Formal Approach. "The Review of Economics and
Statistics”, Cambridge, Mass., Vol. 51(1973), p. 110-114,
{'T}FARRELL ,op. cit,
(8)See J.SCHIMMLER, Spekulation, spekulative Gewinne und
Preisstabllitét., Eine Theorie der Spekulation unter
pesonderer Beriicksichtigung der Auswirkungen spekulativer
Transaktionen auf dile Preisstabilitdt. Meilsenheim 19T4.
(9)The market reaction 1s the inverse non-speculative excess
geTand funetlon used by FARRELL. This notion will pe defined
elow.
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compatible with FRIEDMAN's hypothesis. The 1influence of
transactions costs on the validity of this proposition 1is
analyzed and further detalls are given in terms of the

correlation between speculation and market reaction.

Definition of the Model and Notation

The model to be formulated in the sequel describes an abstract
market for a commodity. We shall define it on the basis of
TELSER's and FARRELL's framework(10). For the sake of simplicity
we follow FARRELL 1in choosing a discrete time variable(11)
t=1,2,...,T Such that all variables depending on time can be
interpreted as vectors of the v -dimensional Euclidean space R .
In the market in question 1t 18 assumed that a distinction
petween speculative and non-speculative transactions(12) allows a
clear definition of speculative net purchases as the difference
between purchases and sales of the aggregate speculators., This
vector S=(s, ,8:,,...,8¢) will also be called a speculation.
For the market without speculatlon, 1.e. S=0 the resulting
prices form the vector B, whereas the price vector in presence of
a speculation S is denoted by E; .

$1D See TELSER,op.cit. and FARRELL,op.cit.

11)This would not mean a restriction of generality since a

model with continuous time wvariables can simaultaneously be

established, Definitions and proofs can easlly be transaferred

as pointed out in the appendix. See also SCHIMMLER,

Spekulation,...,op. cit.

(12)This distinetion is quite formal. Consequently, the

labels "speculative" and "non-speculative” may considerably
differ from the usual meaning of the words.
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Price vectors are assumed to be positive(13). In general the set
P of price vectors can be taken as the convex cone(14) €% of all
positive vectors in W . In order to allow other choices of ¥
the following properties of ¥ may be glven which hold for ®w*,
(1)UePc #£* where U 1s the vector whose elements are unity.
(2)If Pe ® and X&R® there 1s a positlve number a such that for
all b>a the vector bP+X belongs to ¥ .

In the following, sets having the second property will be called

conlcally absorbent(15). In RF this condition is equivalent for

a convex cone & to be open.

The functional relationship between PB,,S, and P, 1is given by(16)
B = B, + H(S)

in which the so-called market reaction(17) H displays the

influence of S on the price difference P; - Py in the market under

conslderatlon.

The independence of H from B, entaile some problems which can be

solved by some definitions(18). Because P; 1s to be considered

as positive for all price vectors B, the vector H(S) must be

non-negative for all speculations. A model for a market in which

any speculative activity leads to an 1increased price appears

(13)A vector 1s said to be positive if 1its elements are
positive.

Eﬂl For the definition of convex cones see appendix.

15)This name goes back to a proposal of K.FLORET and may be
regarded as provisional.

16)See SCHIMMLER,Speculation,...,op.cit.,p.113.

17)The market reaction 1s the inverse function of FARRELL's
non-speculative excess demand funetion”,

(18)I am indebted to K.FLORET for focussing my attention to
this problem,
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somewhat degenerate.

This difficulty can be evaded by taking price vectors P out of a
suitably selected subset ﬁ of ¥ which contains only
"sufficiently large” price vectors. Therefore we introduce the
following conditiont Let Pe¥® then there is a positive numoer a
so that bPe¥ for all bla.

The example of a so-called proportional market reaction H(S)=aS
shows that an appropriate domaln ¥ of H is to be selected in
order to guarantee that FB; belongs to ¥ for all Pweﬁ and all
seY,

A simple example for a sultable choice of P and ¥ in the case
of the market reaction H(S)=bS 18 given by(19):
P ={P: PeP,P(t) 2 2} and ¥ = {S:|pS(t)l1<a/2} where a is some
positive numper,

In accordance with TELSER, KEMP, and FARRELL we conslider
speculative profits w exclusively 1in the form of realized
profits. This is achleved by the requirement that the sum of
speculative net purchases 18 zero or S:U=0 for all S« ¥ in which
the dot denotes the common inner or scalar product in RY and U
is the vector already introduced. Thus the concept of realized
speculative profits 1s equivalent to ¥ ¢ U' where U* = {X:X-U=0 }
is the orthogonal complement to the subspace spanned by U. The
economic consequences of this convention have been discussed
elsewhere (20).

Leaving aside transactions costs, insurance, storage costas etc.,
speculative profits T are given by ™= -E:- S. Losses are of

IQ;See SCHIMMLER, Spekulation,...,op.cit.
20)See TELSER, op. c¢it. and FARRELL, op. cit.
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course negative profits., The minus sign in the definition of
speculative profits 18 a consequence of the definition of S.
Following FARRELL we assume two typee of transactions costs for
the aggregate speculators and define the total transactlons costs
by(21)

k. (B.,8) = (B, + H(3))+T(S) + k(S) = K- T(S) + k(8)
in which * 1s a mapping from ¥ 1into the convex cone &£* of
positive vectors in R and k is a positive real valued function
on ¥ . As price vectors are assumed to be posBitive, the dinner
product of T(S) and Py 18 positive. Therefore transactions costs
are positive by definition. Speculative profits T can now Dve
formulated as follows:

o= -F- S - B-T(S) - k(8).
Writing § = S + T(S) we obtain
T = - By § - k(S).
In the present model the measure of stapllization ¢ 1s defined
oy (22)
¢ = var(B,) - var(B;)
in which var(X) = (1/2)Ix - XII* where X = (1/2)(X-U)U and #XI 1s
the length of X.
The speculation 8 18 sald to have stabilized the price
fluctuations (of PB,) when ¢>0. Thus in the model in gquestion
FRIEDMAN'e proposition 1s wvalid if the implication
>0 = ¢ >0

{21 )Although S 1s the vector of speculative net purchases 1t

is assumed that transactions costs will be a function of 8 and

Ps. DOur definition of the transactions costs 1s a

eneralization of FARRELL's.

22)The reasons for selecting this measure of stabllization
have been discussed elsewhere.
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holds for all Se¥ and P e ¥. To exclude trivial cases, we
assume 1n the following that for every Se€¥ there is a P,,eﬁ 80
that ™ > 0. Because S = 0 1s of no interest for markets with
speculative activities, the set ¥ shall not contain the vector
0.

The validity of FRIEDMAN's proposition

Before formulating and proving the central Theorem of this
section, some remarks should be made 1in order to obtain an
efficlent notation, Generally, X* will denote the veetor X - X
which 1s the projection Pr,.(X) of X on W . With this notation
we get the following expressions for the measure of stablility ¢
which will be used interchangeably:
ve = v(var(R,) - var(Pg)) = Ba-By = BBy

= (Y - BZ)+(R¥ + P§) = = H™(S)-(Py + B§)

= - H*(8): (27 + H"(S)) = - H™(S)-(2PF - H"(S)).
FPor all Ss&¥ the non-empty set Ofs=Pa{XiX'S3< -k(S8)} 1s
conlcally absorbent which can easily be verifled. As this
property 18 invariant to linear mappings, in WU* the same 1s true
for the projection Ofg of @, on U".
The dual cone (%:)* of G4 in U*1s defined by {X:X-Y < O for
all YeQ,XeU'}. The set (%2)* 15 a (closed) convex cone(23)
which contains S, To show this, let P*& QS be an arbitrary
vector. Then a vector Pe(, exists so that Pry.(P) = P*. By
definition of 0 we have - P*S = - P-8> P-T(S) + k(8) > 0.

(2%)See appendix, propositiocn 1.
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Therefore we obtain S+P* < 0 for all P*eq), i.e.
SeQs= (4*)*- {0} because S $ 0. For the sake of brevity the
half-space {Xt X-H*(S) > 0,XeU*}1is denoted by HJ .

orem 1¢: FRIEDMAN's proposition 1s wvalld for the market

reaction H 1f and only if H*(S)e s for all Se ¥ .
Prooft Let H be a market reaction so that H¥(S)e §g for all
Se¥ . IfW™> 0 then Pg&Q. By the definitlon of the dual cone
(%2)* we obtain BJ-H®(S) ¢ O for all Py e Ofand therefore

ve = - H®(S) (28 - H*(S)) = - 2Pf-H*(S) + VH*(S)1* > O
since H¥(8) # 0. Thus FRIEDMAN's Theorem is valid. Conversely,
if there is a vector Se¥ so that H*(S)¢ @, and H*(S) = 0O, there
will be no stabilization at all though the speculative profits
are positive when Pge@. If H*(S) ¢ (01-: )¥ then there is a vector
X*& Off so that X*H*(S) > 0, 1.e. X*eRTn Q. As Of 1is the
projection of O} on U there 1s a vector X Ojgsuch that
Prh,(x) = X*, Now we can select a positive number a soc that
aXe P, aX* + H*(S)e Ain Off and aX + H(S)e ), hold simultaneously.
This can be achieved by the definition of ¥ and by the fact
that ¥Jn Off and Gp¢ are conically absorbent. Let P, = aX. Then
we have Pg = aX + H(S)e®, and therefore T > 0. On the other
hand

we = - H*(8)+ (2By # H*(S)) = - 2aH*(8):X - JH¥(S)I* < O,
since H*#(S)+X > 0. FRIEDMAN's proposition fails to hold for this

case and thus the Theorem 18 oroved.

It should perhaps be noticed that H*¥(S)e Cfs if and only 1if
H(S)e 6, + U where O +WU ={:X = Y+Z,Ye O ,and Z =dU}.
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When transactions costs are not taken inte account, the set q;
1s glven by {X:X-S < 0,Xe U} and therefore O} eguals the convex
cone &(8) generated by S(24). We retain the known result (25)
that FRIEDMAN's Theorem holds in the case of zeroc transactlons
costs if and only Af H¥(S) = b(S)S for all Se¥ in which b 1s
some positive real valued functlon on ¥ . Thus we obtain
Pg(t) - B, (t) = b(S)S(t) + B, - F, for t=1,2,...,7.
FARRELL's independence assumption is shown to be a necessary
condition for the validity of FRIEDMAN's proposition 1f no
transactlions costs are assumed. Any temporal interdependence 1n
the market reaction would imply that FRIEDMAN's Theorem falls to
hold. This situation does not change if only transactions costs
of the form k(S) are assumed (26). To show this, we demonstrate
that Of, equals the truncated convex cone & (S) with vertex O
éenemted by S, In this case speculative profits ™ are given by
"= = P+S - k(8) = -B*+S - k(8)

so that Op={X: - X-S > k(S),XeWU'} whose dual cone 1in u*  1s
given by (%)% ={X: X = bS,b20 }, ylelding §,= &(S).

If we denote the set of all market reactions (27) and the subset
of thoee which imply the wvalldity of FRIEDMAN's Theorem by i} and

"h s respectively, we can establish the following theoremt

24 )See appendix, proposition 2,
gg See SCHIMMLER, Spekulation,... op. cit.

)JThis is inconsistent with FARRELL's results embodied in
his 4inequality (29). However, in correspondence with the
author, FPARRELL has stated that (29) was incorrect, and his
corrected version 1is consistent with our results. See
PARRELL, op.cit.,p.190.

(27)That are all mappings H: ¥ —> RY such that
By + H(S)s ¥ for all Py e®.
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Theorem 2: 1If k, and k, are transactions costs such that
k,(Py,S) & k,(B,,8) for all P, e¥P and Se ¥ then for the
appropriate sets of market reactions '%L and '?3: the inclusion
'fs::c %: holds(28),

Proof': Reviewlng Theorem 1 it suffices to show that 03; c G for
all Se¥. Let PeO: then by definition of 0} the inequality
= P35 = k; > 0 holds. As k4 < ks we get = P-S = k, > O, Thus we
have Pe0}} and therefore Q[-: c ¢fy which implies Glc q,;' .

Now we may formulate the following result:?

Increasing transactions costs lead to a wlder set of market
reactione which d4mply the walidity of FRIEDMAN's proposition,
The expectation that profitable speculation stabilizes price
fluetuations is a monotone increasing function of the
transactlons costs., A warning should perhaps be added. High
transactions costs would lessen speculators' engagements and so
would weaken the stablilizing effect. Also the influence of
transactions costs on the relation between amateur and

professional speculation should be taken into account.

The notion of the correlation coefficient allows to deduce some
further results from Theorem 1, It is defined for vectors X,Y
with non-vanishing proJjections X*,Y* on U* by

e(X,Y) = X*™y*/(ux*nny*i).
By virtue of the well known inequality of CAUCHY-SCHWARZ we have
-1¢ 8(X,¥) <1 and 8§(X,¥) =1 1if and only if Y® = aX* for

(28)The index 1=1,2 refers to k, and k,, respectively.
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some vositive number a, If there are no transactions costs or
the transactlons costs are of the form k(S), Theorem 1 says that
FRIEDMAN's proposition 1s walid if and only 1if
g(:(s),s) =1

for all Se¥. 1In the general case we want to deduce sufflcient
conditions for the wvalidity and non validity of FRIEDMAN's
theorem. Therefore the following real valued functions on ¥ are
introduced?

£(S) = sup { §(X,S):X"¢ g}

g(8) = inf { 9(X,S)1x™¢ O 1.
The inequality g(8) < £(8) holds(29) for all Se¥ and T2 3.

Theorem 3: If for all Se¥ the relation $(H(S),S) > £(S) is true
then H belongs to %, . If for one Se¥® the relation
§(H(S),8) < g(S) holds then H¢f,.

Prooft If  ¢(H(S),S) > £(S) then  H¥(S)eCs and ir
g(H(s),8) < g(S) then H¥(S)¢ G. An application of Theorem 1

ylelds the assertion,

Therefore g(S) 18 a lower bound for the correlation between H(S)
and S in respect to all market reactions of‘%,, whereas f(S) 1s
an upper bound for the correlation between H(S) and S of all

market reactions not belonging to 4&,.
With the aid of Theorem 2 it 18 easy to prove that rising
transactions costs entail decreasing bounds f(S) and g(S). Thus

(29) This inequality is not needed in the sequel. For a proof
see SCHIMMLER, Spekulation,..., op. c¢it,,p.119.
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more market reactions will be compatible with FRIEDMAN's theorem.
Because of these properties of f and g the correlation between
H(S) and S may perhaps provide a useful criterion for an
empirical investigation in connection with the wvalidity of
PRIEDMAN's Theorem,
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As mentioned above, the model underlying our conslderations can
be as well  @established 1In terms of a continuous time
variable(30)., Let the domain of t be the closed interval [0,7],
where ¥ 18 some positive number. The time-dependent variables
are real valued functions on [0,7] which are assumed to Dbe
measurable and quadratic Lebesgue- integrable in forming the well
known Hilbert space &’i,.t-;. In -'C’E.F,., a linear space & of bounded
funetions containing u(t) =1 1s selected. The time-dependent
variables are the elements of ¥ which now playe the role of R%.
Let &* be the set of all functions of ® with positive lower
pound (31) then ¥ 1s to be selected just in the same way. The
inner product in 2 is give‘? by
XY = [x(t)y(t)at.

which 1s the usual derlnit.lon of the inner product in £f.r;. The
projection on a subspace U of ¥ 1s defined when V or its
orthogonal complement U+ has a finite dimension. Throughout the

present article only projections of this type are needed.
Convex sets and cones

Definiticn 1: A subset M of the linear space 2 18 sald to be
convex A1f whenever 1t contains X and Y it contalns aX + (1-a)Y

where 0<agt.

{30 )More detalls are found in SCHIMMLER,
Spellmlatlon,...,ﬂp.cit.

(31)#£*1s not open but algebralcally open. For the definltiocn
of algebralcally open sets see Q. Topological Vector
Spaces I. Berlin, Heldelberg, New York 1969, p. 177.
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Definition 2 A subset # of the linear space £ 1is called a cone
with vertex X, if i1t contains X, + a(X - X,) for all a>0 whenever
it contains X, A cone 1s sald to be truncated 1f 1t does not

contain 1ts vertex and to be pointed otherwise.

Definition 3! A subhset J# of the linear space £ 1s called
conlezlly absorbent in 2 if for all xeJ f,7< 2 there is a

positive number a so that bX + Ye s for all bpa.

We obtain the following immediate consequences of the definition
of conically absorbent sets?

(1)Unions and finite intersections of conlcally absorbent sets
are conically absorbent.

(2)If M %+ & 1s conically absorbent in 2 then & -4 =%,

(3)If Oew and A 1s conlcally absorbent then J =%,

(4)If £12 —> Y 1s linear and M conlcally absorbent in Z  then
f{(#) is conically absorbent in (2 ).

An example of a conically absorbent set 1s the set o+ of the
bounded funetlons of £3%,,; with positive lower bound in the
supspace of the bounded functions. An open convex cone with

vertex 0 in the pre-Hilbert space ¥ 18 conilcally absorbent.

Definitlon 4: The dual cone of the subset J# of (the pre=-Hilbert

space) 2 1in % 1is the set %= {X:X-¥{0 for all YeJ ¢,Xe Z},

Proposition 1: The dual cone of 4 in 2Z 18 a closed pointed

convex cone with vertex 0.
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Proof: Because M 1s the intersectlon of the closed pointed

convex cones #,= {XiX+Y$0 ,Yes(fthe assertion holds.

An obvious consequence of the definition of the dual cone is the

implication J & # = # %c M5

Proposition 21 The dual cone of X,  ={X:X:¥>a,a>0] 1s the
pointed cone generated by -Y.
Prooft If Zed(=Y) then Z = =bY for some b20. We obtain for all
xel’.’.‘the inequality
X*Z = = bX*¥Y £ - ba £ 0.

thus &(-Y)c®h,. If Z¢&(-Y) then in the case of Z = bY for
some positive b, the dual cone R;:;does not contain Z, If Z and Y
are linearly independent the determinant of the system

(q¥ + rZ)-Y = a+l

(Y + r2)+Z = a+l
for q and r is non vanishing because lY-Zﬂ<lYl*lle by virtue of
the inequality of CAUCHY-SCHWARZ. Therefore the vector
X = qY + rZ belongs toXygand ylelds X-2>0. Thus 2 does not

d
belong to I,... -
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